
Sharp Bound for t-Distance Sets of Diameter at Most n/2

Minghui Ouyang∗

Abstract

For integers n, t ≥ 1, we prove that every binary t-code C ⊆ {0, 1}n with distance set

D ⊆ {1, 2, · · · , bn/2c} satisfies |C| ≤
∑

0≤j≤t
j≡t (mod 2)

(
n

j

)
, which is sharp for D = {2, 4, · · · , 2t}. The

proof uses the annihilating polynomial associated with D and shows that its coefficients in the
Krawtchouk basis follow an alternating sign pattern. The result then follows from a rank bound
of Barg and Musin.

1 Introduction
Let Hn = {0, 1}n be the Hamming cube endowed with the distance dH(x, y) :=

∣∣{i ∈ [n] : xi 6= yi}
∣∣.

For C ⊆ Hn, write D(C) := {dH(x, y) : x, y ∈ C, x 6= y}. A family C is called a t-distance set or
a binary t-code if |D(C)| = t. Let A(Hn, D) denote the maximum cardinality of a family C ⊆ Hn

with distance set D.
Kleitman [9] first studied this problem for D = {1, 2, · · · , d} and established the discrete isodia-

metric inequality. Delsarte [3] subsequently proved |C| ≤
t∑

j=0

(
n

j

)
for general t-distance sets. Barg

and Musin [2], Barg, Glazyrin, Kao, Lai, Tseng and Yu [1], and Musin and Nozaki [11] later obtained
more precise estimates for families with few distances. For uniform set families1, Ray-Chaudhuri

and Wilson [13] proved that |C| ≤
(

n

t

)
when exactly t distances occur. Delsarte’s bound has the

correct order of magnitude2 as n → ∞ for fixed t. However, the exact maximum size remains
unknown in general.

For a fixed distance set D, Huang, Klurman and Pohoata [8] studied the case where D is
an interval of integers, obtaining bounds of the correct order and sharp asymptotics in special
cases. Dong, Gao, Liu, Ouyang and Zhou [5] later determined the asymptotic maximum family
size for homogeneous arithmetic progressions. By analyzing intersections with a fixed set, their
approach translates distance constraints into intersection constraints and applies classical results
on set families [4, 6], allowing max D = O(log n) for fixed t with a sufficiently small implied constant.

In this paper, we build on the work of Barg and Musin [2] to obtain a sharp upper bound on
the size of t-distance sets under the condition max D ≤ n/2. We use the Krawtchouk expansion of
the annihilating polynomial associated with D, together with a rank bound that retains only terms
corresponding to positive coefficients in this expansion [1, 2].

Theorem 1.1. For integers n, t ≥ 1, let D ⊆ {1, 2, · · · , bn/2c} with |D| = t. If C ⊆ Hn satisfies

dH(x, y) ∈ D for all distinct x, y ∈ C, then |C| ≤
∑

0≤j≤t
j≡t (mod 2)

(
n

j

)
.

Moreover, this bound is attained by the family Ft := {A ⊆ [n] : |A| ≤ t, |A| ≡ t (mod 2)},
whose distance set is {2, 4, · · · , 2t}.
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1A set family with constant weight.
2For n ≥ 2t, the family of all t-element subsets of [n] has

(
n

t

)
members and distance set {2, 4, · · · , 2t}.

1



For comparison, Barg and Musin [2] proved that A(Hn, D) ≤
(

n

t

)
+

t−2∑
j=0

(
n

j

)
for t ≥ 2 whenever∑

d∈D

d ≤ tn/2. Under the stronger assumption max D ≤ n/2, Theorem 1.1 improves this bound by

removing the extra terms
( n

t−3
)
,
( n

t−5
)
, . . .. Hegedüs [7] also obtained the same upper bound under

the different assumption that D(C) is invariant under d 7→ n − d.

Throughout the paper, [n] := {1, · · · , n} and
(

[n]
j

)
denotes the collection of j-element subsets of

[n]. We write Bt(n) for the upper bound in Theorem 1.1. We set
(

n

j

)
= 0 if j < 0 or j > n,

and A(Hn, D) = 0 if no family in Hn has distance set D. A sum over an empty index set is zero.
All matrices and polynomial coefficients are real. The notation K � 0 means that K is positive
semidefinite.

2 Proofs
For x ∈ Hn, let ux :=

(
(−1)x1 , . . . , (−1)xn

)
∈ {−1, 1}n be its associated sign vector. Then

〈ux, uy〉 = n − 2dH(x, y). For S ⊆ [n], write χS(u) :=
∏
i∈S

ui, with χ∅(u) = 1.

We define the Krawtchouk polynomials [2, 10] as follows.

Definition 2.1. Fix an integer n ≥ 1. For 0 ≤ j ≤ n, the Krawtchouk polynomial in d is

Kj(d; n) :=
j∑

ℓ=0
(−1)ℓ

(
d

ℓ

)(
n − d

j − ℓ

)
.

Here the binomial coefficients are interpreted as polynomials:
(

a

0

)
= 1 and

(
a

k

)
= a(a−1) · · · (a−

k + 1)/k! for a ∈ R and integers k ≥ 1. Moreover, we define

pj(z) := Kj

(
n − z

2
; n

)
=

j∑
ℓ=0

(−1)ℓ

(
(n − z)/2

ℓ

)(
(n + z)/2

j − ℓ

)
.

The dependence of pj on n is left implicit.

With the convention p−1(z) = 0, these polynomials satisfy p0(z) = 1 and the three-term recur-
rence

zpj(z) = (j + 1)pj+1(z) + (n − j + 1)pj−1(z), 0 ≤ j < n. (1)

The recurrence implies that pj has degree j, leading coefficient 1/j!, and parity pj(−z) = (−1)jpj(z).
For n ≥ 3, the first few polynomials are p1(z) = z, p2(z) = (z2−n)/2, and p3(z) = (z3−(3n−2)z)/6.
In particular, p0, . . . , pt form a basis for the polynomials of degree at most t, whenever t ≤ n.

We use the following identity [2] for Krawtchouk polynomials and give a direct proof.

Lemma 2.2. For u, v ∈ {−1, 1}n and 0 ≤ j ≤ n, we have

pj(〈u, v〉) =
∑

S∈([n]
j
)
χS(u)χS(v). (2)

Consequently, if C ⊆ Hn, then the matrix Ej :=
(
pj(〈ux, uy〉)

)
x,y∈C is positive semidefinite and

satisfies rank Ej ≤
(

n

j

)
.
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Proof. Put wi = uivi, w = (w1, . . . , wn), and wS :=
∏
i∈S

wi. Then w2
i = 1. Define ej(w) :=

∑
S∈([n]

j
)
wS ,

with e−1(w) = 0 and e0(w) = 1. For 0 ≤ j < n, splitting the sum over i ∈ [n] according to whether
i ∈ S gives (

n∑
i=1

wi

)
ej(w) =

∑
S∈([n]

j
)

∑
i/∈S

wiwS +
∑

S∈([n]
j
)

∑
i∈S

wiwS .

If i /∈ S, then wiwS = wS∪{i}. Each fixed set T of size j + 1 occurs for exactly j + 1 pairs (S, i),
namely S = T \ {i} with i ∈ T . If i ∈ S, then wiwS = w2

i wS\{i} = wS\{i}. For j ≥ 1, each fixed set
T of size j − 1 occurs for exactly n − j + 1 pairs, namely S = T ∪ {i} with i ∈ [n] \ T . For j = 0,
the second sum is empty. Hence∑

S∈([n]
j
)

∑
i/∈S

wiwS = (j + 1)ej+1(w),
∑

S∈([n]
j
)

∑
i∈S

wiwS = (n − j + 1)ej−1(w).

Adding these expressions yields(
n∑

i=1
wi

)
ej(w) = (j + 1)ej+1(w) + (n − j + 1)ej−1(w), 0 ≤ j < n.

Since
∑

i

wi = 〈u, v〉, this is the recurrence (1) with the same initial values. Induction therefore

gives ej(w) = pj(〈u, v〉) for 0 ≤ j ≤ n. Since wS = χS(u)χS(v), this proves (2).
Now put M = |C|. For S ⊆ [n], let hS :=

(
χS(ux)

)
x∈C ∈ RM . The identity gives the matrix

decomposition
Ej =

∑
S∈([n]

j
)
hShT

S .

For every a ∈ RM ,
aTEja =

∑
S∈([n]

j
)

(
aThS

)2 ≥ 0,

so Ej is positive semidefinite. Each summand has rank at most one, and rank subadditivity gives

rank Ej ≤
∑

S∈([n]
j
)
rank

(
hShT

S

)
≤
(

n

j

)
.

The next lemma bounds |C| by a sum of binomial coefficients, retaining only terms corresponding
to positive Krawtchouk coefficients. This bound is stated in [1] and follows from the general
argument of [2]. Its spherical version is given by Nozaki and Shinohara [12]. We state it here for
any annihilating polynomial F satisfying F (n) > 0 and include a short proof using a rank argument
for completeness.

Lemma 2.3. Let C ⊆ Hn and 0 ≤ s ≤ n. Suppose that F (z) =
s∑

j=0
fjpj(z) is a real polynomial

satisfying F (n) > 0 and F (n − 2dH(x, y)) = 0 for all distinct x, y ∈ C. Then |C| ≤
∑

0≤j≤s
fj>0

(
n

j

)
.

Proof. We may assume M := |C| > 0. By Lemma 2.2 and the expansion of F , the matrix
s∑

j=0
fjEj

has diagonal entries F (n) and off-diagonal entries F (n − 2dH(x, y)) = 0 by assumption. Hence

F (n)IM =
s∑

j=0
fjEj . Separating the terms according to the signs of fj , we obtain

∑
0≤j≤s
fj>0

fjEj = F (n)IM +
∑

0≤j≤s
fj<0

(−fj)Ej .
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Since F (n) > 0 and every Ej is positive semidefinite, the matrix on the right is positive definite.
Hence

∑
fj>0

fjEj has full rank M . On the other hand, subadditivity of rank and the rank estimate

in Lemma 2.2 imply

M ≤
∑

0≤j≤s
fj>0

rank Ej ≤
∑

0≤j≤s
fj>0

(
n

j

)
.

For the annihilating polynomial PD(z) =
∏
d∈D

(
z − (n − 2d)

)
, we have PD(n) =

∏
d∈D

2d > 0.

Ignoring the coefficient signs in Lemma 2.3 recovers Delsarte’s bound |C| ≤
t∑

j=0

(
n

j

)
. To improve

this bound to Bt(n), it suffices to show that the coefficients of PD in degrees of parity opposite to
t are nonpositive. The next two lemmas establish the required signs for all degrees simultaneously.

We first prove an elementary consequence of the recurrence (1).

Lemma 2.4. For each 0 ≤ k ≤ n, we can write zk =
∑

0≤j≤k
j≡k (mod 2)

ak,jpj(z) with nonnegative coeffi-

cients ak,j. Moreover, ak,k = k!.

Proof. For k = 0, we have z0 = 1 = p0(z), so a0,0 = 1. Suppose the assertion holds for some
0 ≤ k < n, and write

zk =
k∑

j=0
ak,jpj(z), ak,j ≥ 0.

We set ak,j = 0 whenever j < 0, j > k, or j 6≡ k (mod 2). Multiplying by z and using (1), we
obtain

zk+1 =
k∑

j=0
ak,jzpj(z)

=
k∑

j=0
ak,j

(
(j + 1)pj+1(z) + (n − j + 1)pj−1(z)

)
=

k+1∑
j=0

(
j ak,j−1 + (n − j)ak,j+1

)
pj(z).

Thus the coefficients in the new expansion are

ak+1,j = j ak,j−1 + (n − j)ak,j+1 ≥ 0, 0 ≤ j ≤ k + 1.

The inequality follows because j ≥ 0 and n − j ≥ 0 for j ≤ k + 1 ≤ n. If j 6≡ k + 1 (mod 2), then
both j − 1 and j + 1 have parity opposite to k, so ak,j−1 = ak,j+1 = 0 and hence ak+1,j = 0. This
proves the required expansion by induction.

Finally, taking j = k + 1 in the coefficient recurrence gives

ak+1,k+1 = (k + 1)ak,k + (n − k − 1)ak,k+2 = (k + 1)ak,k.

Since a0,0 = 1, it follows that ak,k = k! for all 0 ≤ k ≤ n.

The next lemma then determines the signs of the Krawtchouk coefficients.

Lemma 2.5. Let 1 ≤ t ≤ n and r1, . . . , rt ≥ 0. Write P (z) =
t∏

i=1
(z − ri) =

t∑
j=0

cjpj(z). Then

(−1)t−jcj ≥ 0 for 0 ≤ j ≤ t.
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Proof. For 0 ≤ q ≤ t, let eq = eq(r1, . . . , rt) be the elementary symmetric polynomial of degree
q, with e0 = 1. All eq are nonnegative since all ri ≥ 0. Expanding the product gives P (z) =

t∑
k=0

(−1)t−ket−kzk. Now apply Lemma 2.4. For a fixed index j, only powers zk with k ≡ j (mod 2)

contribute to the coefficient of pj . Their signs agree, because (−1)t−k = (−1)t−j . More explicitly,

cj = (−1)t−j
∑

j≤k≤t
k≡j (mod 2)

et−kak,j .

After factoring out (−1)t−j , every contribution to cj is nonnegative. This proves the claimed sign
pattern for all degrees.

We now complete the proof of Theorem 1.1. Applying Lemma 2.5 to PD shows that the terms
in degrees of parity opposite to t can be removed from the rank bound in Lemma 2.3. This yields
the desired upper bound.

Proof of Theorem 1.1. Write D = {d1, · · · , dt} and put ri := n − 2di and PD(z) :=
t∏

i=1
(z − ri). The

condition di ≤ n/2 gives ri ≥ 0 for every i.
If x, y ∈ C are distinct, then dH(x, y) ∈ D, so the identity 〈ux, uy〉 = n − 2dH(x, y) yields

PD(〈ux, uy〉) = 0. We also have PD(n) =
t∏

i=1
(n − ri) =

t∏
i=1

2di > 0.

Write PD(z) =
t∑

j=0
cjpj(z). By Lemma 2.5, cj ≤ 0 whenever j 6≡ t (mod 2). Applying

Lemma 2.3, we obtain

|C| ≤
∑

0≤j≤t
cj>0

(
n

j

)
≤

∑
0≤j≤t

j≡t (mod 2)

(
n

j

)
= Bt(n).

Finally, for D = {2, 4, · · · , 2t} with 2t ≤ n/2, we have |Ft| =
∑

0≤j≤t
j≡t (mod 2)

(
n

j

)
= Bt(n). Distances

within Ft are even and at most 2t, proving the sharpness.

3 Concluding remarks
Lemma 2.5 applies to every monic polynomial of degree at most n with nonnegative roots. By
Lemma 2.4, the Krawtchouk expansion of each monomial has nonnegative coefficients and contains
only degrees of the same parity. These two facts make all contributions to a fixed Krawtchouk
coefficient have the same sign. For the annihilating polynomial PD, the condition max D ≤ n/2
ensures that every root n − 2d is nonnegative. The resulting upper bound holds for all admissible
distance sets and remains valid when t and D vary with n.

If an allowed distance d exceeds n/2, the corresponding root n−2d of the annihilating polynomial
is negative. The elementary symmetric polynomials in the proof of Lemma 2.5 are then no longer
guaranteed to be nonnegative. Consequently, coefficients cj with j 6≡ t (mod 2) may be positive,

and their terms
(

n

j

)
need further sign information before they can be removed. Lemma 2.3 still

applies: PD vanishes at the inner products of distinct codewords and PD(n) =
t∏

i=1
2di > 0. We

believe that for each fixed t ≥ 2 and all sufficiently large3 n, the bound |C| ≤ Bt(n) remains valid
even when max D > n/2. A different choice of annihilating polynomial may be helpful.

3As noted by Barg et al. [1, Section 6.1], the dual Golay code of length 23 is a three-distance set with 2048
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