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Abstract

Given a prime number p, nonempty subsets A, B C I, and a binary relation R C A x B,
define the restricted sumset A+r B:={a+b:a€ A, be B, (a,b) ¢ R}. When A= B and R
is the equality relation, this is the classical Erdés—Heilbronn problem, which was solved by Dias
da Silva and Hamidoune, and by Alon, Nathanson and Ruzsa. For an arbitrary binary relation
R with maximum degree at most a fixed integer A, earlier results give sharp lower bounds when
|A| + |B| < (1 — ¢)p for fixed € > 0 and sufficiently large p. In this paper, we study the regime
|A| + | B| ~ p. Writing S :=F, \ (A +x B), we prove that |S| <a p'/* whenever |A| 4+ |B| > p.
This improves Lev’s square-root bound when R is a matching and |A| + |B|] > p + 1. For
|A| + |B| = p— h with h > 0, we prove |S| <a h+1+p'/3(h+1)'/3.

We also construct examples with S| = Q(logp), improving Huicochea’s lower bound of
Q(logp/loglogp). These examples give a negative answer to a question of Lev concerning
restricted sumsets defined by injective maps.

1 Introduction

Given a prime number p and two nonempty subsets A, B C [F),, their sumset is defined by A+ B =
{a+0b:a€ A, be B}. The classical Cauchy-Davenport theorem [5, 6] states that

A+ Bl = min{p, |A| + |B] - 1}.

A natural generalization is to exclude some pairs from A x B and consider the sums formed by
the remaining pairs. The classical Erdés—Heilbronn problem concerns the case A = B, with the
diagonal pairs forbidden; see [2]. Dias da Silva and Hamidoune [7] proved the original conjecture.
Alon, Nathanson and Ruzsa |2, 3] subsequently solved the general nonsymmetric case. Their method
also applies to restrictions of the form P(a,b) # 0, where P(z,y) € F,[x, y] has low degree; see also
Alon’s Combinatorial Nullstellensatz [1].

In this paper, we study restrictions given by a binary relation R C A x B. Define A+r B =
{a+b:ac A, be B, (a,b) ¢ R}, where R consists of the forbidden pairs. We write A(R) for the
maximum degree of the bipartite graph associated with R, taking the maximum over both vertex
classes. A relation R is a matching if A(R) < 1. We focus on relations satisfying A(R) < A, where
A > 1 is a fixed integer. This setting includes the classical Erd6s—Heilbronn problem, restrictions
given by matchings [15], and restrictions of the form a — b € T for sets T' C F,, of bounded size [19].

There has been substantial progress when |A|+|B] is bounded away from p. Lev [16, Theorem 5]
proved that {a+b:a € A, b€ B, b # 7(a)}| > |A| + |B| — 3 for arbitrary maps 7 : A — B,
provided that |B| < p/2 and |A4| < \/@ + 1. Bollobas, Leader and Tiba [4, Theorem 9] proved
that |[A +r A| > 2|A| — 1 — 2A when each a € A has at most A forbidden partners, provided that
|A] < (1—¢)p/2 and |A]| is sufficiently large in terms of € and A. Ouyang [18, Theorem 1.7] extended
their method to possibly distinct summands A and B, obtaining |A +r B| > |A| + |B| — 1 — 2A
when |A| + |B| < (1 — ¢)p and p is sufficiently large in terms of ¢ and A. His proof also uses the
rectification theorem of Green and Ruzsa [9]. Huicochea [12, Theorem 1.6] proved that |{a + b :
a€ A, be B, b+#7(a)}| > |A|+ |B| — 3 for arbitrary maps 7 : A — F,,, provided that |A| < |B|,
p > 10°°% and 2|A| + |B| < p — 1800p*/32.
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We now consider the range where |A| 4+ |B| is close to p. In this range, the main object of
interest is the avoiding set S =T, \ (A +r B) [18]. Lev [15, Theorem 3] proved that S is a Sidon
set if R is a matching and |A|+ |B| > p+1, giving |S| = O(y/p). Our first result gives a cubic-root
bound on |S| for relations of bounded degree on both sides when |A| 4+ |B| > p, and also covers the
subcritical case.

Theorem 1.1. Let p be a prime and let A > 1 be an integer. Let A and B be two nonempty subsets
of Fp, and let R C A x B have maximum degree at most A on both sides.

(i) (Critical and supercritical case) If |A| + |B| > p, then
[Fp \ (A+r B)| <a p'?.
(ii) (Subcritical case) Suppose that |A| + |B| =p — h with h > 0. Then
IF,\ (A+r B)| <a h+1+p3(h+1)"3

We next construct examples with large avoiding sets. Lev constructed examples in which R
is a matching, with two missing residues when |A| 4+ |B| > p + 2 and three when |A| + |B| =
p+1 [15]. Ouyang extended the latter example to larger symmetric sets, still with R a matching [18,
Theorem 1.11(ii)]. More recently, Huicochea constructed examples with (logp/loglog p) missing
residues at every fixed distance below p [12, Corollary 1.5]. Our construction improves the number
of missing residues to order logp for every fixed value of |A| + |B| — p.

Theorem 1.2. Let p > 3 be prime and let K, A, m > 1 be integers. If

P 2
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then there exist nonempty A,B C F, and R C A x B with |A| + |B| =p+ K and A(R) < A such

that
|Fp\ (A+g B)| = A(m+1).

By choosing m appropriately in Theorem 1.2 and passing to subsets when necessary, we obtain
the following corollary.

Corollary 1.3. Let p be prime, and let A > 1 and 1 < K < p be integers. Then there exist
nonempty A, B CF, and R C A x B satisfying |A| + |B| =p+ K, A(R) < A, and

A p
F A B)| > —— log — — 1).
T\ (A+r B)| > 21023 8 K Oa(1)

Taking K = 1 and passing to suitable nonempty subsets of A and B, we also obtain |A| + |B| = p,
A(R) <A, and

Fp\ (A+r B)| =

I — OA(1).
210z 3 08P A1)

Lev [15] asked whether, for every prime p, nonempty sets A, B C F,,, and injection 7 : A — B,
the relation R = {(a,7(a)) : a € A} satisfies

|Al + [B| =3, [A[+|B| <p,
|A+r B| > {p—3, |A| +|B]|=p+1, (1)
p—2, |Al+|B| = p+2.

Such a relation R is a matching covering every vertex of A. For A = 1, after interchanging the
summands if necessary, we can complete the matchings in Corollary 1.3 to injections by adding
forbidden pairs. This can only shrink the restricted sumset, giving counterexamples to (1). Huic-
ochea [12] also refutes this conjecture in the subcritical case using a construction that yields the



weaker lower bound §2(log p/loglogp) for the size of the avoiding set (see the comparison at the
end of Section 3).

Throughout the paper, log denotes the natural logarithm. For X C F,, write X¢ := F, \ X. For
nonnegative quantities f, g, we write f <A g if f < Cag for a constant Cax > 0 depending only
on A. We write f xa ¢ if both f <A g and g €A f. When the subscript is omitted, the implied
constants are absolute.

Paper organization. In Section 2, we prove Theorem 1.1. In Section 3, we prove Theorem 1.2
using a periodic construction and deduce Corollary 1.3. We include further remarks and open
problems in Section 4. In Appendices A and B, we give an alternative upper-bound argument and
an asymmetric grid construction for the critical case.

2 Upper bounds near the critical line

We begin with the graph-theoretic proof of Lev’s square-root bound for the avoiding set S =
F, \ (A+gr B) [15, Theorem 3|. This argument is the starting point for our proof.

Consider the bipartite graph I's whose vertex classes are two disjoint copies of IF,,, denoted by
IE‘](DL) and FZ(?R). Vertices 2 and y®) are adjacent if and only if z+y € S. Let Gg = FS[A(L) UB(R)]
denote the subgraph induced by AWy BM®),

The graph I'g is |S|-regular, and translating its left vertices by t and its right vertices by —t
preserves adjacency. The edges of Gg correspond to representations of elements of S as sums of
elements of A and B. We identify an edge aMp®) of Gg with the pair (a,b). Since S is the avoiding
set, every such pair is forbidden, and hence F(Gg) C R.

The key fact is that I'g is Ky o-free when R is a matching and |A| + |B| is slightly above the
critical line, that is, when |A| + |B| > p + 1. Indeed, since E(Gg) C R, the graph Gg contains no
copy of Ki 2 centered in either vertex class. If I's contained a copy of K» 2, then translating its
left vertices by ¢ and its right vertices by —t would produce another copy of K2 for every ¢t € F),.
As t ranges over F,, the four moving vertices have a total of 2(|A| + |B|) > 2p incidences with
AW U B®) | Some translate therefore has at least three vertices in this union. This gives a vertex
of degree at least two in G'g, a contradiction. Counting copies of K12 centered in the right vertex

S
class of I'g gives p<|2|> < (g)
When |A|+|B| < p or A > 2, the argument above no longer excludes K3 2. We therefore count
copies of K12 in Gg by a different argument.

, and hence [S] < /p+1/2.

2.1 Translation boundaries and counts of K, 5

To compare a set with its translates, we use the following quantity.

Definition 2.1. For X C F, and d € F,,, define the translation boundary of X at d by
0X(d) =X A (X +d)|.

Since |X| = |X +d|, we have 0X (d) = 2|(X +d) \ X|. The quantity [(X + d) \ X| was studied
by Erdds and Heilbronn [8] and Olson [17]. Its basic properties are discussed by Konyagin and
Lev [13]; see also Lev [16] and Huicochea [11].

The following lemma records the basic properties of the translation boundary.

Lemma 2.2. Let X CF,. Forallz,y € Fp, 0X(x +y) < 0X(z)+ 0X(y). Moreover,

S 0X(x) = 21X <1 - ‘f) | (2)

1
p z€F,

In particular, if | X| < p/2, this average is at least | X|.



Proof. For the first assertion,
XAX+z+y) CXAX+2)U(X+2) A X +z+7y)).

The two sets on the right have sizes 0.X (z) and 0X (y), respectively, which proves the first assertion.
For the second assertion, translation invariance gives X (z) = 2(|X|—|X N (X +z)[). Moreover,

Z |X N (X + )| = | X%, since the sum counts ordered pairs of elements of X according to their

z€lF),

difference. Summing the preceding identity for 0X (z) over z € F, and dividing by p proves (2).

The final assertion follows immediately from (2). O

For X,Y CF, and u € F),, define
rxy(uw) = |{(z,y) € X XY 12 +y=u}|

We write e, =14 p(u). If u € S, every representation counted by e, is an edge of R. Therefore,
with n = min{|4|, |B|},
Z ey < An. (3)
u€eS

For d € F),, we shall also write
pd) =1SN(S—d)|=[{(u,v) € SxS:u—v=d}.

Thus p(d) is the number of representations of d as a difference of two elements of S, with order
taken into account.

The following lemma bounds 0A(u — v) in terms of the numbers of representations of u and v
as a+ b, where a € A and b € B.

Lemma 2.3. Suppose that |A| + |B| = p — h with h € Z. For all u,v € Fp,, we have
0A(u —v) < 2(ey + €, + h).

Proof. Put d := u — v. Since |A| = |A + d|, we have dA(d) = 2[{a € A:a+d ¢ A}|. We count
these elements a according to whether v — a belongs to B.

If v —a € B, then (a,v — a) is a representation of v in A x B. There are at most 74 p(v) = €,
such elements a.

Ifv—a¢ B, thena+d=u—(v—a)¢ A, so (a+d,v—a) is a representation of u in A° x B°.
Distinct elements a give distinct representations. By inclusion—exclusion, we have

rac,ge(u) =p — |A| — |B] +rap(u) = e, + h.

Hence there are at most e, + h elements a in this case. The two cases together give at most
ey + ey + h elements, proving the lemma. ]

Summing Lemma 2.3 over u,v € S with u # v and applying (3) gives an estimate for
Z p(d)0A(d). In Appendix A, we combine this with a moment estimate for p(d) to obtain the
deF,\{0}
upper bound |S| = Oa(p™/?A+D), which is weaker for A > 1. However, for differences in S — S
with many representations, we obtain a stronger bound by counting copies of Kj2 in Gg. Put
h = p—|A| —|B|. Since E(Ggs) C R, every vertex of Gg has degree at most A. For d € F,, \ {0},
define
op(d) = |{(bap,a1) : b € B, ag,a1 € A, agp+b,a1 +be S, a1 —ap = d}|.

Thus op(d) counts copies of K2 centered in B, with ordered leaves (ao, a1) satisfying a1 — ap = d.
Define 0 4(d) by the same formula with A and B interchanged. To prove the first inequality in the
following lemma, we distinguish three cases according to whether a translate of {0,d} meets A in
zero, one, or two points. Compare the translation counts in Ouyang [18, Section 4].



Lemma 2.4. Suppose that Gs has mazimum degree at most A. For every d € ), \ {0}, we have

op(d) > —hp(d) + <p(2d) — A) 0A(d). (4)
Moreover,
Y. os(d) < (A-1)|E(Gs)| < A(A —1)min{|A,[B[}. (5)

deF,\{0}
The same bounds hold with A and B interchanged.

Proof. Put n := min{|A|, |B|}. We first prove (4). Put X = SN (S —d) and Y := {0,d}. Then
|X| = p(d) and X +Y C S. For z € F,,, define a(z) := [(X + z) N B| and S(z) = [(Y — 2) N A|.
Thus B(z) counts how many of the two points —z and d — z lie in A. If B(z) = 2, each of the a(z)
possible centers b gives a triple (b, —z,d — z) counted by op(d). If 3(z) = 1, each possible center
is adjacent in Gg to the unique A-vertex in Y — z, and hence a(z) < A. If 5(z) = 0, no degree
estimate is available and we use the trivial bound a(z) < p(d). Consequently,

Z a(z) =op(d) and Z d)|B|.
2€Fp 2€Fp
B(z)=2

Writing z = d — z, we have —z = & — d. Thus the bijection z — x, together with |A| = |4 + d|,
gives
{z €Fp:B(z) =2} =|AN A+d)]—|A]—78A(d)
{z € Fp: B(z) = 1}| = |AA(A + d)| = DA(d),
1
{z € Fp:6(2) = 0} = p — AU (A+d)| = |A°] = SOA(d).

Splitting the sum over z € I}, into these three classes and using the upper bounds on a(z) established
above, we obtain

z€Fy
B(2)=2

= alz)= Y alz)- Y o)
z€F, z€Fyp z€F,

B(z)=1 B(2)=0
> p(d)|B| ~ Al{z € F, : B(2) = 1}] - p(d)|{z € F, : B(2) = 0}]

— p(@)|B| - 204(d) - pld) (14 - 50A(0) )

= pla)(B] - 1) + (25 - ) 0a(@
— —hp(d) + (”(Qd) - A) DA(d),

where we used |B| — |A°| = —h in the last step. This proves (4).
Let degq(b) be the degree of b € B in Gg. Every ordered pair of distinct edges incident to b
determines one nonzero difference, so

Y. op(d) =) degg,(b)(deggy (b) — 1) < (A —1)|E(Gs).

deF,\{0} beB

Since |E(Gg)| < An, this is at most A(A — 1)n.
Both bounds for o4 follow by interchanging A and B. O



At the critical line |A|+|B| = p, Lemma 2.4 shows that every nonzero d with p(d) > 4A satisfies
p(d)OA(d) < 4op(d). Summing over these differences and applying (5), we obtain

> p(d)0A(d) < AA(A — 1) min{|A[, |B|}.
deF,\{0}
p(d)>4A
We finish with two elementary observations. The first is a weighted form of Markov’s inequality.
The second uses the Cauchy-Davenport theorem and subadditivity to bound 0A(x) for every z € Fp;
related arguments combining sumset growth with subadditivity appear in [8, 10, 13, 16].

Lemma 2.5 (Markov's inequality). Let I be finite and let w;, z; > 0. Suppose M = Zwi > 0. If

el
Zwixi < K, then there is D C I such that
el
M 2K

Zwi >— and x; < — forallie D.

, 2 M

€D
Proof. Take D == {i : x; <2K/M}. The complement of D has total weight at most M /2. O

Lemma 2.6. Let @ # D C F,\ {0}. If 0A(d) < L for every d € D, then for every x € F),, we have

pL

DA(x) < V— w L< {5

D]

Proof. Put Dy := DU {0} and m = [(p —1)/|D|]. Since 0A(0) = 0, we have 0A(d) < L for every
d € Dy. Repeated application of the Cauchy—Davenport theorem [5, 6] gives

Do+ -+ Dp| > min{p, m|D| + 1} = p.
—_———

m times

Write ¢ = dy + -+ + dy, with d; € Dp. By Lemma 2.2, 0A(z) < Z@A(di) < mL. Since
i=1
m < (p—1)/|D| + 1 < 2p/|D|, the stated bound follows. O

2.2 The main estimate

The following proposition gives an upper bound on |S| in terms of h = p — |A| — |B| and the size
of the smaller summand.

Proposition 2.7. Let p be prime and let A > 1 be an integer. Let A, B C F, be nonempty with
|A|+|B| < p, and let R C A x B satisfy A(R) < A. Put h:==p—|A|—|B| and S :=F,\ (A+r B).

Then we have
ph

S <<Ap1/3+,—.
151 min{|A], B}

Proof. Put n := min{|A|,|B|} and s := |S|. After interchanging A and B if necessary, assume that
|A| < |B|. Since h > 0, we have n < (|A| + |B|)/2 = (p— h)/2 < p/2. By Lemma 2.2,

Z@A(m)—Qn(l—Z)2271(1—;)—71.

1
p z€lF,
If 0A(d) < L on a nonempty set D C F, \ {0}, then Lemma 2.6 and the preceding average
bound give

1 pL
n< - 0A(x) <max 0A(x) € —.
3 0Als) < mRx0A() < [



Summing Lemma 2.3 over ordered non-diagonal pairs in S x S and using (3) and h > 0, we obtain

Z p(d)0A(d) = Z 0A(u — v)

deF,\{0} u,1;£€S
UFV

<2 (ew+ey+h)

b S 6
uuzéev ( )

=4(s—1) Z ey + 2hs(s — 1)
ues
< 4Ans + 2hs>.
Lemma 2.4 shows that whenever p(d) > 4A,
1
Ep(d)(‘)A(d) < op(d) + hp(d).

Summing over these differences and using 2 > 0 and (5), we obtain

> p(d)oA(d) <4 > op(d)+4h D

deF,\{0} delFp\{0} deF,\{0}

p(d)>4A (7)
<AA(A —1)n+ 4hs(s — 1)
<an+ hs?

Here Z p(d) = s(s—1), since the sum counts ordered pairs of distinct elements of S according

deF,\{0}
to their difference.

ph
If s = Oa(1), then s <5 1 < pl/3 . Otherwise, we may assume that s is sufficiently large
n,

in terms of A. In particular, s(s — 1) =< s2. Split the nonzero differences into the light and heavy
classes

Diight := {d € Fp \ {0} : p(d) < 4A} and Dheavy = {d € Fp \ {0} : p(d) > 4A}.

For a fixed number of ordered pairs, small multiplicity gives more distinct differences, and hence a
stronger lower bound for |D| after applying Lemma 2.5. On the other hand, (7) gives a stronger
estimate for the sum over Dheavy. We therefore compare the sums of p(d) over the two sets. We
consider ordered pairs (u,v) € S? with u # v. Since these sets partition F,\ {0} and Z p(d) =

deF,\{0}
s(s — 1), at least one of the following two cases occurs.
Case 1: At least half of the pairs have light differences.
Suppose that
1
Z p(d 5 (s —1).
deDllght
Apply Lemma 2.5 with I = Digne, wqg = p(d), and xq = 0A(d). Here M = Z p(d) > s%. By
d€Diight

(6), we may take K = 4Ans+2hs®. Thus 2K /M <A n/s+h, and the lemma gives a set D C Dijgps
such that n
> p(d)>a s and 9A(d) <a —+h forallde D.
S
deD

Since s? < Z p(d) < 4A|D|, we have |D| >a 5% > 0. Apply Lemma 2.6 with L = Ca(n/s + h)
deD
for a sufficiently large constant Ca. Since n < p/2, (2) gives

P ph
< — < - -
IEEF 0A(x ggﬁ(@A( x) <A ]D| ( +h) <<A —|—



At least one of the last two terms is 3> n. Thus either s> <A p or s <a ph/n, and hence
s <a p'? + (ph/n)'/?.
Case 2: At least half of the pairs have heavy differences.

Suppose that
> pld)>
deDl)eavy

s(s—1).

N |

Apply Lemma 2.5 with I = Dpeavy, wqg = p(d), and zq = 0A(d). Now M = Z p(d) > s°.
dEDheavy

By (7), we may take K with K <A n + hs?. Hence 2K/M < n/s*> + h, and the lemma gives

D C Dyeavy such that

Z p(d) >a s* and 9A(d) <a 3% +h forallde D.
deD

Since s? < Z p(d) < s|D|, we have |D| >a s > 0. Arguing as in Case 1, we apply Lemma 2.6
deD
and (2) to obtain
p (n pn  ph
£y LRI o
n <A |D| <82+ ><<A 3 + 5
which yields s < p'/3 + ph/n.
When h = 0, both cases give s < p/%. When h > 1, we have ph/n > 1 and hence (ph/n)l/2 <
ph/n. Thus both cases yield s < pl/ 3+ ph/n, proving the proposition. ]

2.3 The critical and supercritical cases

Proof of Theorem 1.1(i). First assume that |A| + |B| = p. Taking h = 0 in Proposition 2.7 gives
S| <a p2.

To pass to the supercritical range, choose nonempty subsets Ay C A and By C B with |Ay| +
|Bo| = p, and put Ry := RN (Ap X By). Then Ag +r, Bo € A +gr B, so the avoiding set for
(A, B, R) is contained in the avoiding set for (Ag, By, Ry). Applying the critical case to (Ao, By, Ro)
completes the proof. O

Remark 2.8. For |A| + |B| > p, an alternative argument excludes certain complete bipartite sub-
graphs of I'g and yields a moment estimate for p(d) that replaces the K 2 count above. Combining
it with the translation boundary estimates and Lemma 2.6 gives |S| < pA/ (2A+1) " This agrees
with the cubic-root bound when A = 1, but is weaker for A > 1. We give the proof in Appendix A.
When |A|+|B| = p—h with h > 0, the same approach gives |S| < h+14p2/ AT (h41)1/ A+,

we omit the details of this extension.

2.4 The subcritical case

Assume that |A| + |B] = p — h with h > 0, and put n := min{|A|,|B|}. The term ph/n in
Proposition 2.7 can be large when n is small. We use the following form of Pollard’s theorem [20]
to obtain a bound that is effective when n is small. Recall that e, = 74 p(u) = [{(a,b) € AX B :
a+b=u}|

Theorem 2.9 (Pollard). Let A and B be two nonempty subsets of Fp,. For every integer 1 < k <
min{|A|, |B|}, we have

Z min{ry p(u),k} > k- min{p, |A| + |B| — k}.

u€lfy

Combining Theorem 2.9 with the degree bound gives the following estimate.



A
Lemma 2.10. For every integer 1 < k < n, we have |S| < h+ k + Tn In particular, we have
|S| < h+ Can'/?.

Proof. For every integer k with 1 < k < n, Theorem 2.9 gives

Z min(ey, k) > k(|A| +|B| — k) =k(p — h — k).

u€lF,
Equivalently,
> (k—min(ey, k) < k(h+ k).
u€lF,
Restricting the left-hand side to S, and using Z min(e,, k) < Z ey < An, yields kS| — An <

ues ues
k(h + k), which proves the first assertion. Taking k = [n'/2], which lies in [1, n], gives

S| < h+ (A+1)n'2 41 <h+(A+2)n/2
This proves the second assertion. O

We now complete the proof of Theorem 1.1(ii).

Proof of Theorem 1.1(%i). Put n := min{|A|,|B|}. Combining Proposition 2.7 with Lemma 2.10,
we obtain

S| < h+ Ca min {n1/2, p/3 4 p:} .

But
min {n1/2,p1/3 + Ph} §p1/3 + min {nl/Q,ph} < p1/3 + (ph)l/g,
n n

where the last inequality follows by considering n < (ph)?® and n > (ph)?/? separately. We obtain
S| <a h+1+p1/3(h+1)1/3, proving part (ii). O

3 Periodic ternary construction and logarithmic lower bounds

In this section, we prove Theorem 1.2 and deduce Corollary 1.3. Adapting the periodic construction
of Ouyang [18, Section 4], we first work in Zsm, then repeat the construction periodically in Z. We
then delete a short terminal interval before passing to F,,.

3.1 The ternary construction
A-1

Fix m > 1, put Ny, := 3™ and C,, := {0,1,3,...,3™ 1}, and for A > 1 set Dy = U (JNm+Chp).
§=0

2
Then |Dyya| = A(m +1). Let Ly, o = max Dy, o = (A _ 3) N,
We write each residue z € Zy;,, in base 3 as

r=x0+ 23+ + Tm_13™,

where z; € {0,1,2}. For x € Zy,, \ {0}, let v(x) be the least index for which x,,y # 0. Define X
and Yy by
Xo = {O} U {l‘ € Zn,, \ {0} P Ty(z) = 1},
Yy = {0} U {$ S ZNm \ {0} P y(z) = 2}
Then
XoUYy =1Zn,,, XoNYy={0}, and |Xo|+ |Yo|=Nm+1. (8)



The two sets satisfy the following matching property.

Lemma 3.1. In the bipartite graph with left side Xg, right side Yy, and edge condition y—x € C,
(mod Ny,), every vertex has degree exactly one.

Proof. For x € Xy \ {0}, put v = v(x). Among ¢ € C,,, we have x + ¢ € Y} exactly when ¢ = 3.
For z = 0, only ¢ = 0 works. The resulting map ¢(0) = 0 and ¢(z) = = + 3"® is a bijection from
X to Yp, with inverse y — y — 3°W) for y # 0. Hence the edges form a perfect matching. O

We now pass from Zy,, to F, by periodic repetition and truncation.

Proof of Thforem 1.2. We use the standard representatives 0,1,...,p — 1 for the elements of [,
and define X and Y by R
X ={x€[0,p—1]: x mod N, € Xo},

Y ={ye[0,p—1]:y mod N, € Yy}

Consider the bipartite graph on X UY with edge condition y — x = j N, + ¢ in Z, for some integer
j with 0 < j < A and some ¢ € C,,. This graph has maximum degree at most A. Indeed, modulo
N,,, there is at most one choice of ¢ by Lemma 3.1, and each value of j gives at most one endpoint.

A congruence y —x = d (mod p) with d € D,, o can also hold when the integer difference is
y—x = d—p. This forces x > p—d > p— Ly, o. We therefore put X’ := Xn [0,p— Ly A —1]. The
bipartite graph on X’ Y defined by y —z = d (mod p) for some d € D,, a is therefore a subgraph
of the graph above and has maximum degree at most A.

Write p = QNy, + 7, where Q = |p/Ny, | and 1 <7 < N,. Each integer in [0, p — 1] is counted
once in X LI }7, except for a multiple of N,,, which is counted twice by (8). There are @ + 1 such
multiples. Consequently, ]X] + DA/] = p+Q+1. After deleting the elements of X in p—Lma,p—1],
we obtain

o p
X' +1Y|>
X+ I_pﬂN

m

J +1_Lm,A-

The condition of Theorem 1.2 therefore allows us to choose subsets X C X’ and Y C Y such that
I X|+|Y]|=p+K.

We now identify X,Y, and D,, o with the corresponding sets of residue classes modulo p. Set
A= —X and B =Y, and forbid precisely the pairs (—x,y) for which y —2 € D,,, . The preceding
degree calculation gives A(R) < A. Every representation of an element of D,, A is forbidden.
Conversely, Cauchy-Davenport gives A + B = ), while every edge of R has sum in D,, o. Hence
every residue outside D, A still has an allowed representation. Thus F), \ (A +r B) = D, a, and
| Dy a| = A(m + 1) gives the required size. O

3.2 Logarithmic lower bounds on |S)|

Proof of Corollary 1.3. The first assertion is trivial when p/K < 9A, since log(p/K) = Oa(1) and
we may enlarge the constant in the Oa(1) term.
Otherwise, put

1 p
m = {2 logs AKJ >1, Ny, =3,

Then p > 9AK > 3 and p > AKN?Z, so

P 2 2
—_— 1-(A-—= )N, >A(K-1)N,, + =N, +1 > K.
{th ( 3> 2 A = DN + 5N +

Hence Theorem 1.2 gives the required sets and relation with

log Z — Oa(1).

p
— Alm+1)> 1 -
S =aAm+1) 2 303198 A% = 51053 8 K

For the second assertion, apply the first assertion with K = 1 and remove one vertex from a
side containing at least two vertices, restricting R accordingly. Both sides remain nonempty and
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their sizes sum to p. Neither the maximum degree nor the restricted sumset increases, so the same
lower bound holds. O

For comparison, Huicochea’s construction [12, Theorem 1.4] and the construction in Appendix B
both begin with sets of points in a high-dimensional integer grid, which are then embedded into
F, through a suitable encoding @ : Z* — F,. To illustrate the idea, consider the construction in
Appendix B where |A| 4+ |B| = p and R is a matching. We first fix integers d > 2 and N > 1 and
define the discrete simplex A = {x € Zio cx1 4+ x4 < N}. We then remove a set D of integer
points so that certain pairs between A and the remaining points form a matching. When the pairs
in this matching are excluded from addition, none of the d standard basis vectors ey, ...,eq € z?
can be obtained. We then set A = ®(A) and choose a suitable subset B C F), \ ®(D). To choose B
with |A| 4+ | B| = p, it suffices to have |D| < |A|. Taking N = d* gives |D| < |A|. With this choice,
the encoding with base 2N + 1 is injective on [—N, N]¢ provided that (2d® 4+ 1)¢ < p. This allows
d =< logp/loglogp. The detailed parameter calculations are given in Appendix B.

In these constructions, the coordinate directions give rise to the elements of the avoiding set,
whose size grows linearly with the dimension. The two summands have substantially different sizes.
Taking the largest admissible dimension in the stated parameter conditions gives |A| = pt/AteD)
in Huicochea’s construction when |A| 4 |B| = p — h with fixed h > 0 [12, proof of Theorem 1.4].
At the critical line, the construction in Appendix B gives [A| = p?/3T°M)_ In both cases, |B| =
p—|A|+O(1) = p. By comparison, the construction in this section is simpler: it combines a ternary
building block with periodic repetition. For fixed K and A, both summands can be chosen to have
size (1/24 o(1))p, and the dependence of the size of the avoiding set on p can be seen more directly.

4 Concluding remarks

For a fixed positive integer A, let

A, BCF ty, RC Ax B,
Ma(p) = max{]IFp\(A +r B)|: p» nonempty }

A+ Bl =p, A(R) <A

The results of this paper give
logp <a Ma(p) <a p'/?.

Question 4.1. What is the correct order of Ma(p)?

We next consider the subcritical case |A| + |B| = p — h, allowing h to vary with p. For every
fixed £ > 0 and fixed A, Ouyang [18, Theorem 1.7] proved that, for all sufficiently large primes p,

A+ B| > |A|+|B|—1-2A if |A[+]|B|<(1-¢e)p.

Thus a bounded-degree restriction causes only bounded additional loss when p — |A| — |B| > ep,
whereas our examples give an additional loss of Q(logp) for fixed h.
To study this transition, for 0 < h < p — 2 define the maximum loss relative to the Cauchy—
Davenport bound by
o A, B CFj, nonempty, R C A x B,
La(p,h) = max{(|A\ +|B|—-1)—|A+gr B|: A+ Bl = p—h, A(R) <A )
Equivalently, since |A| + |B| = p — h, this is the maximum of |S| — h — 1 over the same class of
triples (A4, B, R). Ouyang’s theorem gives La(p,h) < 2A whenever h > ep and p is sufficiently
large in terms of € and A. On the other hand, deleting h vertices from the critical construction in
Corollary 1.3, while keeping both sides nonempty, gives

>

logp — Oa (1)

for every fixed h and A. Theorem 1.1(ii) gives the upper bound

11



Question 4.2. How does La(p, h) behave as h grows from a fixed value to a positive proportion of
p? In particular, how large must h be for this loss to be bounded independently of p?
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A An alternative approach to bounding |S|

In this appendix, we give an alternative bound when |A| + |B| > p. We combine the estimates for
0A and the covering argument (Lemma 2.6) from Section 2 with a moment estimate for p(d). This
moment estimate follows by showing that I's contains no K, 4 for suitable r and ¢. This extends
Lev’s translation argument [15, Theorem 3], but gives a weaker exponent than Theorem 1.1(i)
when A > 1. The method also extends to the subcritical case, with the resulting bound stated in
Remark 2.8.

Proposition A.1. Let p be prime and let A > 1 be an integer. Let A, B C ), be nonempty sets
with |A| + |B| > p, and let R C A x B have mazimum degree at most A on both sides. Then

IF,\ (A+g B)| <a p?/GAFD,

In what follows, let p, A, A, B, R satisfy the hypotheses of Proposition A.1, and put S :=F, \
(A+r B) and s := |S|. We first show that the full bipartite graph I'g introduced in Section 2
contains no K, , for suitable r,q.

Lemma A.2. Let r,q be positive integers satisfying AJr + A/q < 1. Then I's contains no Kr,q.l
In particular, this holds for g = A +1 andr = A(A+1) +1.2

Proof. Suppose instead that there are X,Y C F, with |X| =7, |[Y| =¢, and X +Y C S. For
z € Fp, define a(z) == [(X +2)NA| and §(z) = |(Y — z) N B|. Averaging over all translations gives

Y N CN RS

p r q p

z€F,

If a(z) > 0 and B(z) > 0, then every cross-pair between (X + z)N A and (Y — z) N B has its sum
in X +Y C S. All these pairs therefore belong to R, and the degree bound gives a(z), 8(z) < A.
By the hypothesis, the summand in the preceding average is then strictly less than 1. If one of
a(z), f(z) vanishes, that summand is at most 1 as well. If |[A|+ |B| > p, the average is greater than
1, a contradiction. Thus |A| + |B| = p, and equality must hold for every z. The strict inequality
above therefore implies that «(z)3(z) = 0 for all z € F,,. If §(2) = 0, equality forces a(z) = r. If
a(z) =0, it forces 5(z) = ¢q. Consequently, for every z, either X + 2 C Aor (X +2)NA=2.

Since | X| =7 > A > 1, choose distinct z1, 22 € X and put 6 := x9 —x1 # 0. Taking z = w — 23
in the preceding dichotomy gives 14(w) = 1a(w + §) for every w € F,. Since every nonzero
element generates the additive group of IF,,, the set A is either empty or all of I,,, contradicting the
nonemptiness of A and B and the equality |A| + |B| = p.

Finally, forg = A+ 1and r = A(A+1) + 1,

A A A A
g 1T A+1 AA+1)+1

<1,

which proves the stated special case. O

We next bound the (A + 1)-th moment of the difference multiplicities of S. The proof uses the
counting idea behind the Kévari-Sés—Turan argument [14]. Here we count the translates of a fixed
(A + 1)-element subset of S.

Lemma A.3. Let g == A+ 1 and p(d) .= |SN (S —d)|. Then we have

3" p(d)? <a s
deF,

'"Equivalently, S is a Chiin{r,q} [max{r, ¢}]-set in F.
>The condition A/r+A/q < 1requires ¢ > A+1. For ¢ = A+1, the smallest admissible value of 7 is A(A+1)+1.
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Proof. Put r .= A(A+1)+1 and fix a (A + 1)-element subset Y C S. There are at most r — 1
shifts d for which Y + d C S; otherwise, r such shifts would form a set X satisfying X +Y C S,
contrary to Lemma A.2. Double-counting pairs (d,Y) withd € F,,, Y C S, |Y|=¢,and Y +d C S

gives
p(d) ENE
d%i%,( q )S(r 1)<q>'

t
Since ¢ and r depend only on A, and t? <, ( ) + ¢t for every integer t > 0, we obtain
q
Z p(d)? <a s+ Z p(d) = s7+ s* < 4. O
deF, deF,

Proof of Proposition A.1. As in the proof of Theorem 1.1(i), we may assume that |A| + |B| = p.
Interchanging A and B if necessary, put n := |A| < |B|, and let ¢ := A + 1. We may assume that s
is larger than a constant depending on A. For u € S, let e, := r4 p(u). The degree bound (3) and
Lemma 2.3 with h = 0 give

Z (ey +€y) <2Ans and JA(u —v) < 2(ey + €y).
u,l;éES

Hence Lemma 2.5 gives a set P C {(u,v) € S x S : u # v} such that
|P| >a s> and 0A(u—v) <a % for all (u,v) € P. 9)

Put D = {u—v: (u,v) € P}. By Lemma A.3 and Hoélder’s inequality, we have

deD deD

1/q
1P| <> p(d) < |D|*"Y4 (Z p(d)q) <a |D|' Vs,

Together with (9), this yields |D| >4 s7/(@1).
Since @ # D C Fp \ {0}, we may apply Lemma 2.6. Every d € D satisfies the translation
boundary estimate in (9), so for every x € [,

pn pn
(9A(.’E) <A Wg <A 7sl+q/(q—l) .

Using n < p/2 in (2), we obtain

1 pn
p z€lFy s

Since 1 +¢/(¢—1) = (2¢—1)/(qg — 1), we obtain
s2a=V/@=1) «\ p or equivalently s <p pldH/ (a1,

Substituting ¢ = A + 1 proves s < p>/(A+1), .
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B An asymmetric construction from a high-dimensional discrete
simplex

In this appendix, we give an asymmetric construction with a matching restriction at the critical

line |A| + |B| = p. Using a high-dimensional discrete simplex, we obtain an avoiding set of size

Q(log p/ loglog p), with |A| = p?/3+°(1) and | B| = (1—0(1))p. The method also extends to |A|+|B| =

p+ K and A(R) < A, yielding avoiding sets of size Q(Alog(p/K)/loglog(p/K)) for every fixed

integer A > 1 and every positive integer-valued function K = K (p) = o(p); see Proposition B.3.
Fix an integer d > 2 and put N := d® and M := 2N + 1. Define

A::{x:(xl,...,xd)GZg0:$1+"'+$d§N}7

N +d
andputq::|A\:< ; )

Let eq,...,eq be the standard basis vectors of Z¢, where e; = (0,...,0,1,0,...,0). Put E ==
i-th pT)sition
{ei1,...,eq}. Consider the bipartite graph with left vertex class A and right vertex class Z%, joining
x to y when x +y € E. We seek to remove fewer than ¢ right vertices so that the remaining graph
is a matching. For each & € A with a zero coordinate, we delete all its right neighbors except e; — «,
where i = min{j : 2; =0}. For 1 <i <d, put H; :={x € A:2; =0, z; > 0 for j <i}. These sets
partition the points of A with a zero coordinate according to the first such coordinate. Define

d

(e — (AN Hy)) = (B = M)\ U (e: — Hy).

1 i=1

-

D =

1

We will later embed this configuration into F, and choose B disjoint from the embedded copy of
D.

Lemma B.1. The bipartite graph with vertex classes A and Zd\D, joining x toy whenx+vy € E,
has mazximum degree at most one. Moreover, we have |D| < q.

Proof. Suppose that e; — ¢ = e; —y with @ € H; and y € A. If ¢ # j, then the i-th coordinate of
y =x+ej—e;is —1, a contradiction. Thus 7 = j and = y. This uniqueness shows that no point

d d d
of U (e; — H;) belongs to D. Hence D = <U(ei - A)> \ (U(ei - HZ)> Every edge remaining
i=1 i=1 i=1
aftler the deletion of D has the form (x,e; - x) with ¢ € ﬁl The sets H; are pairwise disjoint,
and the uniqueness just proved ensures that each right vertex has degree at most one. Thus the
remaining graph is a matching.
To prove |D| < ¢, note that every point of D with no positive coordinate has the form —z,
where z € Zio and sz < N — 1. Any other point of D has the form e; —  with x; = 0 and

J
x; = 0 for some j < i. Consequently,

N+d-1 d\(N+d-2 d(d—1)? N+d-1
’D|<< d >+<2)< d—2 >:q_<1_2(N+d—1)>< d—1 ><q’

where the last inequality® follows from N = d®. O

Proposition B.2. If p is prime and M® < p, there are nonempty sets A, B C F, and a matching
R C A x B such that

|Al=q, |Bl=p—q, and [F,\(A+rB)|=d.

3The top layer {x € A : Z x; = N} has more points than the part of D with a positive coordinate.

J
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Proof. Define @ : Z4 — F, by

d

d(x) = ZMi_la:i (mod p).
i=1

The map ® is clearly additive, and the box [N, N] contains AU (E — A). Since M = 2N + 1,
uniqueness of base-M expansions shows that the integer encodings of points in this box are distinct
and lie in an interval of length M¢ — 1 < p. Hence @ is injective on this box.

Set A := ®(A). Then |A| = |A| = ¢. By Lemma B.1, |D| < ¢ < (N +1)¢ < M? < p, so we can
choose B C F), \ ®(D) with |B| = p — ¢q. Both sets are nonempty and |A| + |B| = p.

Define

R:={(a,b)c AxB:a+bec ®(E)}.

Let (a,b) € R and write a = ®(x) with € A. For some 1 < i < d, we have ®(z) + b = D(e;),
so by additivity of ®, b = ®(e; — ) € ®([—N, N]%). Since b € B and B is disjoint from ®(D), we
have e; — ¢ ¢ D. Thus

RC{(®(z),®(y)):x €A, y¢ D, z+yc E}.

The set on the right is a matching by Lemma B.1 and the injectivity of ® on A U (F — A). Hence
R is a matching.

To prove |F, \ (A +r B)| = d, we show that A +r B = F, \ ®(E). By definition, A +r B =
(A+B)\ ®(E). For any t € F), \ (A+ B), we have t — A CF,, \ B. Since |F, \ B| =p — |B| = |A],
it follows that t — A = F, \ B O ®(D). As —(N — 1)ei, ez € D, there are u,w € A such that
d(u) =t + (N —1) and ®(w) = t — ®(ey). By additivity of ® and its injectivity on [—N, N]¢,

d d
we obtain u — w = (N — 1)e; + ez. Therefore N > Zuz =N+ Zwi, which implies w = 0.
i=1 i=1
Hence t = ®(e2) € ®(F), and therefore A +r B =F, \ ®(F). Since ® is injective on E, we obtain
[Fp\ (A+r B)| = [®(E)| = |[E| = d. O

For each sufficiently large prime p, choose the largest integer d > 2 satisfying (2d3 + 1)d < p.
1
By the choice of d, we have logp = 3dlogd + O(d), and hence d = (§ + o(1))logp/ loglogp. The

construction therefore gives

1 log p
F A B)=|= 1
o\ (A+r B)] = (5 +001)) il

with |A| = ¢ = exp(2dlogd + O(d)) = p*3°W) and |B| = p — |A| = (1 — o(1))p.

By taking suitable copies of the simplex in an additional coordinate, the construction above
extends to |A| + |B| = p+ K with A(R) < A. We omit the proof of this extension and state the
strongest bound it gives.

Proposition B.3. Fizx an integer A > 1, and let K = K(p) be a positive integer-valued function
with K = o(p). For all sufficiently large primes p, there are nonempty A, B C F), and a relation
R C A x B with |Al+ |B| =p+ K and A(R) < A such that

[Fp \ (A +r B)| = (1 - 0a(1))Amin {31cl>cg);gifgp’ loz)i(g(/pl/(f)() }

as p — 0o0. Moreover, if K < p*3t°W) | this construction gives |A| = p?/*>T°M) and |B| = (1—0(1))p.
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